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Family of Constraint-Preserving Integrators
for Solving Quaternion Equations

J. C. Chiou*and Y. W. Jan'
National Chiao Tung University, Hsinchu 30010, Taiwan, Republic of China

and

S.D. Wu#
Precision Instrument Development Center, Hsinchu 30010, Taiwan, Republic of China

A family of numerical time integrators that exactly preserve the constraint of quaternion equationsis developed.
The constraint-preserving integrators based on the property of the skew-symmetric matrix and the proposed
proven theorems are used to improve the accuracy of updating Euler parameters. The stability and accuracy
analysis of the generalized constraint-preserving integrators is also discussed. Furthermore, we demonstrate that
the proposed integrators are A-stable integrators that are proven to be useful in calculating angular orientations
of kinematic and dynamic systems. A numerical example is used to demonstrate the superiority of the proposed

integrators.

I. Introduction

O avoid degenerationof the coordinate transformation matrix,

Euler parameters have frequently been chosen to present the
angular orientations of the body for the reasons that Euler parame-
ters 1) satisfy the singularity free property, 2) preserve the algebraic
description of finite rotation, and 3) simplify the mathematical for-
mulation. An accurate and efficient algorithmin updating Euler pa-
rameters plays an importantrole in computing attitude from inertial
measurement unit data. Euler parameters are generalized coordi-
nates of angular orientation of a reference frame e, with respect to
another reference frame e,. If these two frames coincide initially,
we let the e, frame rotate about an axis unit n through an angle ¢.
The two frames have the following relationship after the rotation':

e, = Re, (1
where the rotation matrix R is defined as
@R+ =1 @@t Qs G195 — 909
R=2|qi9— a4 4 +43—1 @©a5+qd 2)
Qs+ qodx G293 —dodi qF + 45 — %

The quantities g; (i =0, 1, 2, 3) are called Euler parameters and are
defined as

qo =cos(¢/2) (3a)
q; =n;sin(¢/2), i=1,2,3 (3b)
with the constraint
3
Yog=1 @)

When the e, frame is rotating relative to the e; frame with an
angular velocity vector [ (f) @:(t) a3(#)]", the Euler parameters
are obtained by solving the quaternion equations
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do 0 —o (1) —aw(t) —wst) ] [ qo
1 zl o (1) 0 o3(1)  —m(t) | | @ )
4> 2| on(1) —an(1) 0 (1) 92
qs o3(1) () —aon(t) 0 qs

Because the closed-form solution of Eq. (5) is unattainable, we
must integrate the differential Eq. (5) numerically in order to update
the Euler parametersaccurately.In the pasttwo decades,researchers
have developed many integration algorithms to solve the quater-
nion equations. These algorithms have ranged from the Runge-
Kutta (RK) method,>* which is accurate but time-consuming, to the
second-order Adams-Bashforth (AB-2) method,>* which has a low
computationalcostbut is less accurate. To counteractthe drawbacks
of these two methods, Lawrence et al.> developed a local lineariza-
tion (LL) algorithm to solve the quaternion more effectively. Fur-
thermore, Yen and Cook® proposed a new LL algorithm to improve
the efficiency of the old LL algorithm. However, regardless of the
nature of the algorithms, these algorithms introduce so-called artifi-
cial damping into the quaternion equations and cause the constraint
equation (4) to be violated during the numerical time integration
process. To overcome this difficulty, two modified formulas were
proposedto correct the Euler parameters. The first modified method
was proposed by Nikravesh and is given as follows’:

* qi

4 = T
V204l

where ¢ (i =0, 1, 2, 3) denotes the corrected Euler parameters.
Nikravesh’s modified method was obtained by minimizing the fol-
lowing cost function:

(6)

3

Z (q,-* - qi)2

0

M

The four Euler parameters obtained from Eq. (6) are divided by
the same quantity so that the correction affects only the rotation
angle and not the direction of the rotational axis.' In this regard,
Wittenburg' developed another modified formula to improve this
drawback. Instead of minimizing the cost function (7), Wittenburg
proposed to minimize the cost function

i i (R - R,)’

i=1j=1

®)
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which gives the following modified formula:

3
s:qu—l (9a)
0
1
u=5(1+,/1+4sq0)+s (9b)

e [1 . _@rara)a } 00
' (a2 + a2 +a2—n)

=

= 904
b Tu— (gt ad)

9d)

As we can imagine, the modified methods given in Egs. (6) and
(9) are not necessary if the developed time integration algorithms
are free of artificial damping. In the past decade, many numerical
time integrators that possess no artificial damping have been de-
veloped to solve separable Hamiltonian systems. These integrators
include the partitioned Runge-Kutta methods®? and the symplectic
integrators.®~!2 Unfortunately, these integrators cannot be applied
directly to solve the quaternion equations because the quaternion
equations are inseparable. In 1990, Chiou'* and Park and Chiou'*
proposeda second-orderintegratorbased on the midpointand trape-
zoidal rule to solve the quaternion equations. However, during the
developmentof the integrator, the authors did not show a constraint-
preserving property that preserved the constraint equation exactly
and automatically. Furthermore, for high-orderaccuracyin updating
Euler parameters, no systematic solution was offered in their deriva-
tions. In this regard, the theoretical constraint-preserving property
and the high-order constraint-preservingintegrators are derived in
this paper. Furthermore, we have shown that the present integrators
are A-stable (unconditionally stable) integrators.

In the following sections, Sec. II shows the properties involv-
ing the skew-symmetric matrix and the quaternion equations. The
generalized form of the constraint-preserving integrator is also
discussed. Section III presents the stability analysis of the gener-
alized constraint-preserving integrators. We demonstrate that the
proposedintegratorsare A-stableintegrators. A family of constraint-
preserving integrators is derived in Sec. IV. In Sec. V, a numerical
example with time varying angular velocities is used to demon-
strate the efficiency and effectiveness of the proposed integrators.
The main contribution of this paper is summarized in Sec. VI.

II. Generalized Constraint-Preserving Integrators

In this section, the construction of the generalized constraint-
preserving integrators is given. At the beginning, we start with the
properties of a specified skew-symmetric matrix S that has the fol-
lowing form:

0 a b c

S = (10)

where a, b, and ¢ are any arbitrary scalars. The properties of this
specified skew-symmetric matrix are given in Propositions 1-3.
Proposition 1:

(7 =S =01+ 817! (11

where I is the 4 X4 identity matrix.
Proof: The inverse of matrix [/ — S] can be expanded as follows

[7 - ST =an (12)
n=0

By taking the transpose of

n=0

one obtains

,
( > S") =D =) STy (13)
n=0 n=0 n=0

Because S is a skew-symmetric matrix, we have the following rela-
tionship:

DSy =) (=S =+ 8! (14)
n=0 n=0
QED
Proposition 2: If the matrix J is defined by
J=[I-SI""[1+5S] (15)
then J is an orthonormal matrix that has the following property:
JTI =1 (16)
Proof: The product of matrix J7 and matrix J is given by
JTT =[1+ SI"[[1 - ST7'1"[1 = ST7'[I + S] (17)
Because S is a skew-symmetric matrix, one gets
JTJ =[I =S+ SI7'[I = SI7'[I +S] (18)

Because matrices [/ — S] and [I + S]! are both polynomials of S,
they can be commuted, that is,

[I—=SNI+ST'=[I+S]'[I-S] (19)
From Eq. (19), we conclude that
JTT =[I+ST ' I =S -ST"'[I+S]=1 (20)

QED

Proposition 3:
J =[kI = S]'[kI + S] 2D
J'I=1 (22)

where k is an arbitrary real number.
Proof: The matrix J can be rewritten in the following form:

J =[I—=Q/K)ST'[I + (1/k)S] (23)

Because matrix (1/ k) S has the same form that is shown in Eq. (10),
Proposition3 canbe proveddirectly by using Proposition2. By using
the results of Propositions 1-3, the following theoremis established.

Theorem 1: If an integrator we have used to solve the quaternion
equations has the form

(kI = S,)gn+1 = (kI + S,)q, (24)
then
Grv1dn+1 =0 s for all n 25)
where

gui1 =[qo(n +1),q(n + 1), go(n + 1), g3(n + 1)]

The matrix S, shown in Eq. (24) has the following form:

0 a, b, c,
—a, 0 —c, b,

Sn = -b, ¢, 0 -—a, (26)
—-c, —=b, a, 0

where parameters a,,, b,, and ¢, are functions of the step size &, the
angular velocity o(t), and the mth time derivation of w(?), respec-
tively.
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Proof:
qgn+1 = (kl - Sn)_l(kl + Sn)qn = Juqn (27)

q qus1 =q' " g, (28)

From Proposition 3, we have

4 41 =4 q,
QED

Note that Egs. (24) and (25) provide us with a guideline in deriving
the constraint-preservingalgorithm. With the propositions and the
theorem, we can proceed to discuss the stability of the proposed
integrators.

III. Stability Analysis of the
Constraint-Preserving Integrators
Stability analysisis the key issuein developingarobustintegrator.
In this section, the stability of the proposed constraint-preservirg in-
tegratorsis discussed. To begin the discussion, the following propo-
sition is proposed.
Proposition4:

(kI = S)™" = (1/A) (kI + S) (29)
where
A=kK+a+b*+ (30)
Proof:
k —a —-b —c]7!
a k c —b . 1
b —c k a TR+ a b2+
c b -a k
k a b c
y —-a k -—-c b 31)
-b ¢ k -—a
—c —=b a k

QED

Remark 1: The quantity A is equal to the square of norm-2 of any
row (column) involved in matrix (kI + S).

From Proposition 4 and Theorem 1, we conclude that the
constraint-preserving integrators have the form

gn+1 = (1/A)(kl + Sn)zqn = gy (32)

Theorem 2: The constraint-preserving integrator described in
Eq. (32) is an A-stable (unconditionally stable) integrator.
Proof: The matrix J, in Eq. (32) can be rewritten as follows:
K L M N
h=sgresy=| 7 K VM (33)
=3t V=l N Kk -L
-N -M L K

where
k2 _ a2 _ b2 _ 62

TRttt (342)

2ak
TRttt (346)

2bk
TRra+b+a (340

2ck
< (34d)

TR+ a+ b+

The parameters K, L, M, and N involvedin J, satisfy the equality
K*+L*+ M*+ N*=1 (35)

The eigenvalues of the transformation matrix J, are

M =A =K +iyL?>+ M? + N? (36a)
A=A =K —i/L?>+ M? + N? (36b)

The magnitude of 4; (j =1, ..., 4) is given by

Al =V K2+ L2+ M> + N2, forall j  (37)

From Eqs. (35) and (37), we conclude that

A1 =1, forall j, h, and w(?) (38a)

[Re(2))| = K| <1, forall J (38b)
where Re(4;) is the real part of 4;. The eigenvalues of matrix J,
lie on or in the unit circle. Thus, we conclude that the proposed
integrators are A-stable integrators. QED

In Secs. II and III, the generalized constraint-preserving inte-
grators are derived and the property of A-stability has also been
presented. In the next section, the implementation of the constraint-
preserving integrators is discussed.

IV. Implementation of
Constraint-Preserving Integrators
To implement the constraint-preserving integrators, we need to
discuss the property of the skew-symmetric matrix involved in the
quaternion equations. The skew-symmetric matrix A(¢) is denoted
by

0 —o(t) —on(t) —ws1)
1| o) 0 o3(1) = ()
A(t) == 39
D=3y —otn 0w |
o3(1) (1) =) 0
Proposition 5:
D
A =k, 1 (40a)
where
ky = [ (0 + 2 + 0?)]" (40b)
and m is an arbitrary positive integer.
2)
AT =k, A (41)
Proof:
D
0 —at) —o(t) —os)
ppoL|@® 0 e e
41 oo(t) —as5(t) 0 (1)
o3(1) (1) = (1) 0
0 —o(t) —on(t) —aws(1)
w (1) 0 w3(t)  —o(1)
(1) —ws(t) 0 (1)
o3(t)  w(t) =) 0
1
- —Z[wf(t) +ad(t) + (0] 42)
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Thus,

m

w0 = 4k + i + | 1

2) This result can easily be proved using Proposition 5.1.

Proposition 6:

1) The matrix AA — AA has the same form as S as shown in
Eq. (10).

2) The mth time derivation of A, thatis, A, has the same form
as S, which is shown in Eq. (10).

where
Ay =A(con+%> (48¢)
By combining Egs. (48a) and (48b), we get
Gue1 =qn t (WA, 1(gn+1 +qn) (49)

Rewriting Eq. (49) yields

[1-2a, o =1+ 0ma, e G0

Proof:
1) or
0 3@y — Dy (D3 0 D3 — O30 DD — O,
. . 1| - 0y — WD, —(wy 0 — G 0D — O30
AA — AA = = (5035.02 2.3) . . (0 | @) 1 z 3 .1 (43)
2| —(0 @5 — w30) W0 — W1y 0 —(030) — 0y @3)
(00 — @) —(0 0 —030) O30, — 005 0
2) It is trivial to prove Proposition 6.2. ED -1
proveop ° goor =1 = 2a, ] [r+ 04, e = e, Go0)
Proposition 7:
1) Accuracy analysis:
m -1
S A =kl @ [1=wa, ] [T e,
i=0
2) =1+hA,, L+ (h2/2)An+% + O(h%) (51)
m _ _ Because
BAT T 4+ 4, AD| + S(AA — AA) )
i=0 [ ] An+% = An + (h/z)An + O(hz) (523)
has the same form as S, which is shown in Eq. (10). where
Proof:
1) By using Proposition 5. A, = A(a,) (52b)
2) By using Propositions 5 and 6. QED
then

To develop proposed constraint-preserving integrators, first we use
the fourth-order Taylor series to approximate the quaternion equa-
tions:

Gue1 =qu + hAq, + (P12)(A2 + A,)q, + (HP16)(A3 + A,
+24,A, + A,A,)q, + (h*124)(A} + A2A, +24,4,A,

+ A, A, +34,A2 +3A2 + 34,A, + A,)q, + O(h°)  (45)

where O() is the order of the truncation error. By using Theorem 1,
we assume that the first-order constraint-preserving integrator has
the form

a) First-order constraint-preservingintegrator:

[ = (h12)A,1g, 41 =1 + (W/2)A,1q, (46a)
or
gner = = (WI2)A'T + (h12)ANg, = J10q, (46b)
Accuracy analysis: The matrix J; , can be approximated by
Jiw =1 +hA, +(P[2)A, + O(h) 47

By comparing the coefficients in Eq. (47) with the coefficients in
Eq. (45), we conclude that Eq. (46a) is the first-order constraint-
preserving integrator.

b) Second-orderconstraint-preservingintegrator:

The second-order constraint-preserving integrator proposed by
Park and Chiouis givennext. This integratoris based on the midpoint
and trapezoidal rule and is expressed as follows:

qn+1 ={qn +hAn+%qn+'3 (48a)

Gyt =3@us1 +q0) (48b)

[1 - (h/2)An+%]_l [1 + (h/2)An+%]

=1+hA, +(212)(A2 + A,) + O(h) (53)

By comparing the coefficients involved in Eq. (53) with the coeffi-
cients in Eq. (45), we conclude that the Park-Chiou integrator is a
second-order integrator. Note that both (h/2)A, and (h/2)A, + 12
have the form shown in Eq. (10). From Theorems 1 and 2, we
conclude that the proposed first-order integrator and Park-Chiou
integrator are both A-stable constraint-preserving integrators.

In practical applications, numerical integrators with high-order
accuracy may be needed. To improve the accuracy of the Park-
Chiou integrator, based on Theorem 1, the third- and fourth-order
constraint-preserving integrators are derived and given as follows:

c¢) Third-order integrator:

(I, = €5,)q,+1 =13, + £25,)q, (54a)
or
Ger =T, = 23,)7 (T, + 25,)¢, = J3.q, (54b)
where
I, =1+ (h/12)A%,, (54¢)

Dy, =(hI2)A,so+ (VIR A, 4 p

An+aAn+/3) (54d)

The coefficients a, 3, ¥, and S will be determined later. From Propo-
sitions 5-7, we have

+ (A, pAnia —
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and €5, has the same form as S as shown in Eq. (10). By using
Theorems 1 and 2, we conclude that the proposed third-order inte-
gratoris an A-stable constraint-preserving integrator. By expanding
Eq. (54b), one obtains

Jow =1+ hA, 4o+ (BID)[A2,, + (1/3)Au4s)

+(h16)A;

n+a

+ h‘s[(y/l2 + 26)An+/314n+01
+ (712 =28)A, 1 oA, 5]+ O(RY) (56)

The matrices A, + , and A, + 5 in Eq. (56) are approximated by using
the Taylor series

Avsa = A, + ahA, + (d2h%/2) + A, + O(h*)  (57a)
Anrp = A, + BhA, + O(h?) (57b)
substituting Egs. (57a) and (57b) into Eq. (56), we have
Jow =1 +hA, + *[LA + (a+ 1/6)A, ]
+I[LAS + (212 + ByI6)A, + (/2 + y/12 + 28)A, A,

+(a/2+y/12=28)A,A,] + O(h*) (58)

By comparing the coefficients in Eq. (58) with the coefficients in
Eq. (45), we have the equalities

a+y/6=1 (59a)
o2+ Byl =1 (59b)
a/2+y/12+25=1 (59¢)
a2+ y/12-25=1 (59d)

and by manipulating the above equations, we have

a+y/6=12 (60a)
a2+ Byi6 =1 (60b)
5=+ (60¢)

The solutionsof Egs. (60a-60c) are infinitely many. If we assume the
integratoris equally spaced, the following quantities are obtained:

a=1, B=2, y =1, s==< (6
d) Fourth-orderintegrator:
(Tly — 2)q, +1 = (T14 + Qy)gq, (622)

or

Qoo =T = Q)7 (I + Qg = Jing,  (62b)
where
I, =1+ (h2/12)Afl+% (62¢)
Q= (DA, + (WI48)[A, .4 +2(4, 1A,y

~ At )] (62d)
From Proposition 5, we have

Iy, =kI (63)

and €, , has the same form as shown in Eq. (10). Again, by us-
ing Theorems 1 and 2, we conclude that the proposed fourth-order
integratoris an A-stable constraint-preserving integrator.

Accuracyanalysis: By rewritingthe matrix J4 , givenin Eq. (62b),
we get

Jin =1 +hA, 4+ (h2/2)Ar2l+%
+h3[%Az+% +ﬁAn+%+1_12(An+%An+% _An+%A.n+l):|

+(h4/24)[Afl+% + %(A'“IAHL + A, LA I)

FALA2 = A LA, ]+ o) (64)
2

n+ 3 n

By approximating the matrices A, + /2, A,+1/2, and An+1/2 in
Eq. (64) by the Taylor series, we obtain

Ay =An+ (h12)A, + (h218)A, + (h*148) A, + O(h")
(65a)
AH% =A, + (h/2)A, + (h*/8) A, + O(h%) (65b)
A1 =A,+I2)A, + Oh?) (65¢)

7
Substituting Egs. (65a-65c¢) into Eq. (64) yields
dn+1 =4qn + hAnqn + (hz/z)(Ayz, + An)

+(16)(A} + A, + 24,4, + A,A,)q,

+(h*124) (A} + A2A, +2A,A,A, + AA,

+3A4,A2 + 342 + 34,4, + A,)q, + O(h°) (66)
By comparing the coefficients involved in Eq. (66) with the coef-
ficients in Eq. (45), we conclude that the integrator described in
Eq. (62a-62d) is a fourth-orderintegrator.

Reducing the computational costs:

The proposed constraint-preserving integrators described in
Egs. (46a), (50a), (54a), and (62a) require us to solve a set of lin-
ear equations, and these processes are time-consuming. To over-
come this difficulty, alternative computational algorithms based on

Proposition4 and Remark 1 are developed:
For the first-order integrator:

Gue1 = (/A DI + (h12)Aq, = Ty 0, (67a)

Ay, =1+ R16)[0X (1) + @2(1,) + 02(1)]  (67b)

For the second-orderintegrator:
2
Qo =B [1+ 024,y | 00 = Taas (630

Ay, =1+ (h2/16)[cof(tn+%> + o (t“%) + (t“%):l (68b)

For the third-order integrator:

qn+1 = (1/A';,,)[H';,, + Q3.n]2qn = J3,nqn (693)

M, =1+ (W*/12)A2 (69b)
)
Q;;‘,, = (h/Z)ArH_% + %thrH_%

+ﬁh3(An+%An+%_An+%An+%> (69C)

where Aj, is the square of norm-2 of any column (row) involved
in the matrix [I15 , + €3 ,].
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For the fourth-orderintegrator:

G+ = 1/A [Ty, + Q4,n]2qn = Jynqn (70a)
M, =1+ H/12)A% (70b)
n+3z
Qu, =(IDA, 1 + (h3/48)[A” L1t 2(A,, P1AL L
—An+%An+%)] (70c)

where Ay, is the square of norm-2 of any column (row) involved
in the matrix | T, ,, + €2, ,,].

V. Numerical Example

In the present numerical example, we use two data sets given by
Yen and Cook.°

Data set 1: @, =2sint, @, =, and @3 =10sin0.5¢

Data set 2: o, =0.25sin12¢, @, =0.25cos12¢, and w; =
5sin0.25¢

The initial conditions of Euler parameters are gy =1 and
q1 =q, =q; =0. For the present numerical simulation, we assume
that the solutions of Euler parameters can be obtained using the
fourth-order integrator with step size equal to 0.0001 s. By using
three different step sizes for each set of data, we can compare the
state error at specific time frames. On the one hand, as observed
from Tables 1 and 2, the state errors of go at =10 s increase while
the step size increases. On the other hand, with the same time step,
the state errors decrease while the order of the integratorincreases.
These results show that the accuracy of Euler parameters is highly
dependent on the step sizes, the angular velocities, and the order of
employed time integrators.

From the constraint-preservingaspect of the problem, Figs. 1 and
2 have illustrated that regardless of the choice of order of the inte-

Table1 Errors of ¢y for dataset 1 atz=10s

Value of i
Order 0.1 0.01 0.001
Ist —1.4080E—1 —2.2572E-2 —2.3372E-3
2nd 8.6890E —2 9.0145E—-4 9.0177E—-6
3rd —7.7376E—4 —1.0004E—-6 —1.0224E-9
4th 2.3684E —4 2.3965E -8 1.4157E—12

Table 2 Errors of gy for dataset2atz=10s

Value of h

Order 0.1 0.01 0.001

Ist —1.1225E—-1 6.1765E-3 —5.7061E—4
2nd —4.9979E—-2 —49033E—-4 —4.9023E-6
3rd 6.1290E-5 —1.4787E-8 —3.9696E—11
4th —1.1021E—-4 —1.1143E-8 3.4505E—-13

10
15 j j j )

2nd order

4th orc_!e_

Constraint Errors

" 3rd order

1st order

0 20 40 60 80 100
Time

Fig.1 Constraint errors for data set 1 (h = 0.1).

. 4thoorder ;

1st order

Constraint Errors

“ 3rd arder
o . :
8[ 1
-10[ 1
§ 2nd order
-12
4 . . . .
0 20 40 60 80 100

Time

Fig.2 Constraint errors for data set 2 (h = 0.1).

Constraint Errors

20 40 60 80 100
Time

Fig. 3 Constraint errors for data set 2 (third-order integrator with

three different step sizes).

grator, the constrainterrors remain within 10~ (about the machine
constant) for the two differentdata sets. As shown in Fig. 3, the con-
strainterrors of data set 2 remain within 10~!3 for step sizes varying
from 0.01 to 1. These results show that the constraint errors will not
be affected by the chosen time steps. As observed from Fig. 3, the
value h = 1 experiences the smallest constraint error. The reason
is that during the 100-s numerical simulation, 7 =1 requires only
100 time steps in comparison to 2z =0.01, which requires 10,000
time steps. By increasing the number of time steps, the calculations
of transform matrix J are simultaneously increased; this procedure
will compound the constraint errors over the time span. However,
as illustrated in Fig. 3, the constrainterrors are oscillating between
+107'* for the chosen time steps. In conclusion, from Figs. 1 to 3,
we have successfully demonstrated our claim in Theorem 1.

VI. Conclusions

In this paper, the generalized constraint-preserving integrators
for solving quaternion equations are derived. The integrators pro-
posed by Park and Chiou are shown to be second-order constraint-
preserving integrators. To improve the accuracy of the Park-Chiou
integrator, the third- and fourth-orderconstraint-preserving integra-
torsusedin solvingthe quaternionequationsare also given.Note that
the proposed fourth-order integrator needs to compute the second
time derivative of the angular velocity @; (i =1, 2, 3). For the kine-
matic analysis, @&; (i =1, 2, 3) can be directly differentiated from
the given data sets as shown in the numerical examples. However,
for dynamic analysis, the computational cost of the proposed algo-
rithm is very high. The algorithms that overcome this difficulty are
still under investigation,and we hope to report this effortin the near
future.
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